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Abstract:  This  paper  focuses  on  the  geometric  model  of  the  wheel-rail  contact  during  a  transversal 
displacement of the axle with a direction lateral deviation and lateral displacements of the rails.  While applying 
the contact curve method, the relations between the coordinates of the contact points are established, the axle 
bounce and angle of roll on the one hand and between the rails’ displacements, axle and the lateral deviation of 
the track axle on the other hand.  The pertinent numerical results are introduced for the contact between the S78 
profile wheel and the UIC60 rail, pointing out at the influence of the track gauge upon the geometric conditions 
of the wheel-rail contact and the properties of the S 78 profile. 
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  1. INTRODUCTION 
   
In terms of the geometrical  wheel/track contact, the issue can be looked at  from  various 
perspectives – either the synthesis of the wheels’ profiles [1], the dynamic performance in 
railway  vehicles  [2],  the  movement  stability  [3]  or  even  the  ride  comfort  [4].  This  issue 
emerges along with the necessity to determine the position of the contact points, i.e. their 
coordinates, based on which the slip speeds are calculated and which will be included in the 
equations  of  the  friction  forces,  under  the  form  of  creepage.  The  calculation  of  such 
coordinates is successful when the contact curve method [5] is used.   
  It is worthwhile mentioning that the determination of the wheels-rails contact points 
belongs  to  the  tree-dimensional  geometry  sector,  which  solving  as  such  is  laborious  and 
difficult [6].  Most researchers in this line of expertise will lean towards the idea of reducing 
the wheels-rails contact issue to one of contact in a plan, where the curves corresponding to 
the wheels’ profiles will be in a tangential contact with the rails’ [7].  From this perspective, 
the contact curve method is one of the simplest and most efficient. 
  The paper introduces a model of the wheelset-rolling track geometrical contact, which 
considers a particular position of the wheelset given by its transversal displacement on a track 
with a lateral direction deviation and lateral displacements of the rails.  The contact curve is 
used to establish relations among the coordinates of the contact points, the wheelset bounce 
and roll on the one hand, and the displacements of the rails, wheelset’s and the tracks’ lateral 
deviation, on the other hand.  This method is exemplified for the S78 profile wheel on the 
UIC 60 rail. In this context, the influence of the track gauge upon the geometrical conditions 
of  wheels-rails  contact  is  being  examined.  Similarly,  the  S78  profile  properties  are 
highlighted.   It should be noted that the model herein presented can be applied for studying 
the  dynamic  behavior  during  curve  travelling,  thus  allowing  a  correct  evaluation  of  the 
wheels-rails contact forces and of the accelerations that represent basic parameters to assess 
the vehicle dynamic performance.     Fiabilitate si Durabilitate - Fiability & Durability    No 1/ 2013 
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  2. MODEL TO DETERMINE THE COORDINATES FOR THE WHEELS-RAILS 
CONTACT POINTS 
 
The model for studying the wheels-rails geometric contact is presented in the figure 1.  
The situation considered is when the axle is transversally staggered with yo, compared to the 
median position, and the track rarely displays lateral deviation u and lateral displacements of 
the rails us1,2. The wheelset rotates to the  o angle of roll around the longitudinal axis, while 
its center will rise with zo, as a result of the fact that the rolling circles (r1,2) on the two wheels 
are different.  
As for the track, two reference systems are taken into account – the OoYoZo system, 
which is connected to the track ideal axis, and the Oyz system that is jointed with the real 
track axis (affected by the lateral deviation). Similarly, there is the system Ger, joint with the 
wheelset. The points Oso1 and Oso2 designate the reference points of the rails distanced with Ec 
+ 2lscos from each other, where Ec represents the nominal track gauge, 2ls – the rail width, 
and  the rail inclination in respect to the vertical. The A1 and A2 are the wheels-rails contact 
points.  The issue is to calculate the geometric contact parameters, i.e. the coordinates of the 
contact points (e1,2, r1,2 ) and the contact angles ( r1,2), starting from the shape of the rolling 
profiles, by applying the contact curve method.  Likewise, the interest lies in establishing the 
relations between the coordinates of the contact points – the wheelset bounce and roll, on the 
one hand and the displacements of the rails and of wheelset and the track lateral deviation, on 
the other hand. To solve this problem, it is useful to have a separate representation of the 
contact points on wheels and rails. Thus, the figure 2 shows the contact points As1,2 on the 
rails, with the coordinates ( y1,2, –z1,2) in the Oyz reference system.  Their counterparts on the 
wheels are the points Ar1,2 (fig. 3) with the coordinates ( e1,2, –r1,2) in respect  to the Ger 
system.   
 
 
Fig. 1. The wheels-rails contact points for a particular relative position between  
the wheelset and track.   Fiabilitate si Durabilitate - Fiability & Durability    No 1/ 2013 
  Editura “Academica Brâncuşi” , Târgu Jiu, ISSN 1844 – 640X 
 
 
 
 
118 
 
The two figures also feature the local reference systems required for the application of 
the contact curve method, namely the reference systems of the rails Os1,2 ys1,2zs1,2 and the 
reference systems of the wheels Or1,2 yr1,2zr1,2. The contact points have the following local 
coordinates: (ys1,2, zs1,2) for the points As1,2 on the rails and (yr1,2, zr1,2) for the points Ar1,2 on 
the wheels. 
 
 
 
Fig. 2. The contact points on rails in the track reference system. 
 
 
 
Fig.3. The contact points on wheels in the wheelset reference system. 
 
The contact angles on the wheels have the values of  r1,2, and  1,2 = s1,2 on the rails.  The 
two sets of values are related as below   
 
o r s 1 1 1 ;   o r s 2 2 2 .                                      (1) 
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It should be mentioned that the maximum value of the angle of roll is circa 100 times 
smaller than the contact angle’s in the median position.  Consequently, the influence of the 
angle of roll can be dismissed, where the equations (1) become 
 
1 1 1 r s ;   2 2 2 r s .                                              (2) 
 
Should  the  o  angle  of  roll  is  perceived  as  a  small  angle,  with  the  approximate 
estimations  of  cos o  ≈  1  and  sin o  ≈ o,  between  the  coordinates  of  the  contact  points          
( e1,2, –r1,2) versus the axle reference system ( y1,2, –z1,2) and the track fixed referential, the 
following relations can be established 
 
                      o o r e u y y 2 , 1 2 , 1 2 , 1 ;   2 , 1 2 , 1 2 , 1 r e z z o o ,                         (3) 
 
including the products r1,2 o and e1,2 o, out of which the second degree terms are excluded 
            o o o o o r r r r ) ( 2 , 1 2 , 1 ;   o o o o o e e e e ) ( 2 , 1 2 , 1 ,                      (4) 
 
where  r1,2 = r1,2 –ro,  e1,2 = e1,2 –eo, represents the variation of the rolling circle radius and 
the transversal distance variation of the contact point in respect to the wheelset gravity center.  
After these simplifications, plus yo – u > 0, the equations (3) can be thus rewritten: 
 
                          o o o r e u y y 2 , 1 2 , 1 ;  2 , 1 2 , 1 r e z z o o o .                           (5) 
 
The following relations can be established between the local coordinates of the contact 
points on the wheels (yr1,2, zr1,2) and ( e1,2, –r1,2) 
 
) ( 2 , 1 2 , 1 2 , 1 r n y e e ; ) ( 2 , 1 2 , 1 2 , 1 r n z r r .                                    (6) 
 
 
Similarly, the local coordinates of the contact points on the rails (ys1,2, zs1,2) and the 
coordinates compared to the reference system of the track Oyz, ( y1,2, –z1,2), are linked up by 
relations as below  
) ( 2 , 1 2 , 1 2 , 1 2 , 1 s s s y u e y ; ) ( 2 , 1 2 , 1 2 , 1 s s z h z .                               (7) 
 
When writing equations (6) and (7), the approximations (2) have been considered, along 
with the mathematical expression of the rolling profiles in a parametric shape, a function of 
the contact angle  , namely yr = yr( ); zr = zr( ); ys = ys( ); zs = zs( ).                                 
Should the coordinates of contact points versus the wheelset (6) and versus the track (7) 
are replaced with the place ones, the equations (5) are as follows 
2 , 1 2 , 1 2 , 1 2 , 1 2 , 1 ) ( ) ( ) ( s o o o s n s r u u r y e e y y ; 
 
o o o n s s r e z r h z z ) ( ) ( ) ( 2 , 1 2 , 1 2 , 1 2 , 1 .                               (8) 
 
In (8), the coordinates of the contact curve corresponding to the axle in a particular 
position on the track  are featured (ycc, zcc), along with the ones for the median position of axle 
on the track (ycco, zcco) 
 
) ( ) ( ) ( 2 , 1 2 , 1 2 , 1 2 , 1 2 , 1 s r cc y y y ;  ) ( ) ( ) ( 2 , 1 2 , 1 2 , 1 2 , 1 2 , 1 s r cc z z z ;         (9) 
 
s n cco e e y ;  n s cco r h z .                                           (10) 
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Consequently, the relations (8) can be rewritten as  
    ) ( ) ( 2 , 1 2 , 1 s o o o cco cc u u r y y y ;  o o o cco cc e z z z ) ( 2 , 1 .         (11) 
Based on the actual relations, where the contact curve is known in dependence on the 
shape of the rolling profiles, the coordinates of the contact points (e1,2, r1,2) can be calculated, 
along with the contact angles  1 and  2, as well as the  o angle of roll and wheelset bounce zo 
as a function of the relative position between the axle and the rails, synthetically described by 
yo – u – us1,2.  
 
3. NUMERICAL APPLICATION 
 
This  section  focuses  on  the  results  derived  from  applying  the  method  previously 
detailed.  The coordinates of the contact points have been calculated for the S78 wear profile 
wheel and the track UIC 60, with the standard inclination of CFR of 1/20. It needs to be 
mentioned that the S78 profile is comprised of circular arcs with radii of 72 mm, 500 mm, 80 
mm, 25 mm and 13 mm, followed by the flange inclined to 70°. On the other hand, the rail 
profile has 3 active circular arcs with radii of 300 mm, 80 mm and 13 mm [5].  
A number of 3 values have been considered for the track gauge, namely the nominal 
value Ec = 1435 mm, Ec = 1440 mm and Ec = 1445 mm. The last two values of Ec correspond 
to the over-widened track in curve by the displacement of the interior rail with 5 and 10 mm, 
respectively.  To simplify the description, the ideal track has been taken into account, non-
affected by lateral direction deviations (u = 0).  The maximum transversal headway of the 
wheelset on track until reaching the flange, calculated for the nominal gauge, is yomax = 7.413 
mm, while for the other two values of Ec, we have 9.913 mm and 12.413 mm. 
 
The figure 4 shows the coordinates of the wheel-rail contact points (e1,2, r1,2).   The 
diagrams demonstrate the fact that, on a nominal gauge track, the wheel rolls on the 500-mm 
radius circular arc on the 300-mm radius rail, as long as the wheelset lateral displacement is 
small than 7.027 mm.  Once this value is reached, the contact point moves onto the wheel 
profile, on the 80-mm circular arc, equal with the rail’s.  The sudden bounce in the diagram 
matches the situation where the wheel-rail contact is done on the 25-mm radius circular arc of 
the wheel profile, on the 13-mm radius rail’s.  The same remarks are also valid for the track 
with a 1440 mm or 1445 mm gauge, but here the axle lateral displacements are 9.913 mm and 
12.026 mm, respectively.  
The  properties  of  the  wheels’  rolling  profiles  can  be  quantified  via  two  important 
parameters, i.e. the centering characteristic defined by the difference sin 1 - sin 2 and the 
equivalent conicity given by the relation tg  = (r1 - r2)/2yo. The bounce that the centering 
characteristics features (fig. 5) proves that the contact point reaches onto the 25-mm radius 
circle on the wheel profile, while the wheelset moves laterally from the track axle.  Here, the 
centering force increases, which will take the axle into the median position. 
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Fig. 4. Coordinates of the wheel-rail contact points:  
a. Ec = 1435 mm; b. E = 1440 mm; c. E = 1445 mm. (−  −  −, e1, r1;  ——, e2, r2). 
 
 
   
Fig. 5. Centering characteristics: a. Ec = 1435 
mm; b. E c = 1440 mm; c. E c = 1445 mm.  
Fig. 6 Equivalent conicity: a. Ec = 1435 mm;  
b. E c = 1440 mm; c. E c = 1445 mm.  
 
 
This  area  of  the  wheel  profile  serves  as  a  protection  barrier  for  the  flange,  by  not 
allowing it to have contact with the rail interior flange, thus avoiding the bicontact.   
The equivalent conicity (fig. 6) renders the way how the difference in the rolling circles 
radii (r1 – r2) varies when the axle moves transversally with yo.   In fact, the circular arc of the 
500-mm radius wheel profile is determined, on the 300-mm radius rail profile.  It can be 
noticed, for example, that the equivalent conicity is constant for the nominal gauge of 1435 
mm up to a 0.326-mm closeness to the rail flange, then it shows a bounce reflecting the flange 
engagement on the 25-mm radius area, on the 13-mm radius rail flange. 
 
4. CONCLUSIONS 
 
Solving the issue of the wheel-rail geometric contact seems to be a necessity for various 
studies  on  the  dynamics  of  railway  vehicles.    This  is  the  result  of  the  fact  that  the 
determination of the friction forces included in the vehicle movement equations involves the 
calculation of the slip speeds between wheel-rail, which on its turn requires knowing the 
coordinates of the contact points.   Fiabilitate si Durabilitate - Fiability & Durability    No 1/ 2013 
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The modeling of the contact between the wheelset and track, namely wheels-rails, starts 
from the premise that the wheelset occupies a particular position on the track, and the track 
has both direction lateral deviations and also lateral displacements of the rails.  The relations 
among the coordinates of the contact points, the wheelset bounce and roll are established.  
Similarly, they are linked to the displacements of the rails and axle, as well as to the lateral 
deviation of the track axle. The numerical applications in the paper highlight, on the one hand, 
the influence of the track gauge on the geometric conditions between wheel and rail, and the 
properties of the S78 profile, on the other hand. 
Finally, it should be mentioned that the geometric model of the wheel-rail contact can 
be applied into studies of horizontal dynamics of railway vehicles, both for the tangent track 
circulation and in a curve.    
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